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Fundamentals Quadratic Forms Sums Applications

Matrix fundamentals

a a a
A — 11 12 13
a1 Q22 Aa23

e A matrix is a rectangular array of numbers.

Size: (rows)x(columns). E.g. the size of A is 2 x 3.

The size of a matrix is also known as the dimension.

The element in the ith row and jth column of A is referred to
as agj.

The matrix A can also be written as A = (a;;).



Fundamentals

Matrix addition and subtraction

A |81 a1z a3 . B-— b1 b2 513]
az1 G2 ao3 ba1 bao  ba3

Definition (Matrix Addition and Subtraction)

e Dimensions must match:
B -8 — 86
e A and B are both 2 x 3 matrices, so

a1 + b1 aiz+bi2 a3+ b3

A+B=
ag1 +ba1  azx +bax as3+ bas

e More generally we write:

A £ B = (ai) £ (by).



Fundamentals

Matrix multiplication

ail a2 a3 i dio
A= [021 as? a23] 7 D= dn dr
ds31  d32

Definition (Matrix Multiplication)

e |nner dimensions need to match:
(rxcmcxp)=>(r><p)

e Aisa2x3andD isa 3 x2 matrix, so the inner dimensions
match and we have;: C= A x D =

a11di1 + arador + a13dsr  ai1diz + aradan + a13dse
a1di1 + agadol + az3dz1r  as1diz + asadoo + azzdse

e Look at the pattern in the terms above.




Fundamentals Quadratic Forms

Matrix multiplication

d12

doo

d3o

C12

C22

Applications

[C=AD:2x2




Fundamentals Quadratic Forms Systems Sums Applications

Determinant

e Let C = (¢j;) be an n x n square matrix.

e Define a cofactor matrix, Cj;, be the determinant of the
square matrix of order (n — 1) obtained from C by removing
row i and column j multiplied by (—1)*7.

n
e For fixed i, i.e. focusing on one row: det(C) = Zcijcij-
j=1

n

e For fixed j, i.e. focusing on one column: det(C) = ZcijCij.
Jj=1
e Note that this is a recursive formula.

e The trick is to pick a row (or column) with a lot of zeros (or
better yet, use a computer)!


http://www.google.com.au/search?q=recursive+formula+for+determinant

Fundamentals Quadratic Forms Sums Applications

2 X 2 determinant

Apply the general formula to a 2 x 2 matrix: C = [CH 612].
C21 €22
e Keep the first row fixed, i.e. set i = 1.
2
e General formula when i =1 and n = 2: det(C) = chjClj
j=1
e When j =1, (11 is one cofactor matrix of C, i.e. the
determinant after removing the first row and first column of

C multiplied by (—1)"* = (-1)2. So
011 = (—1)2 det(CQQ) = C22

as co9 is a scalar and the determinant of a scalar is itself.
e C13 = (—1)3det(co1) = —ca1 as c1 is a scalar and the
determinant of a scalar is itself.
e Put it all together and you get the familiar result:

det(C) = ¢11C11 + €12C12 = 11622 — 12091



Fundamentals Qua c & s Sums

3 X 3 determinant

bir b2 bi3
B = |ba1 b22 bo3
b3 b32 b33

o Keep the first row fixed, i.e. set i = 1. General formula when
i=1and n=3:

3
det(B) = ZbljBlj = bn B + bi2Bi2 + bi3Bis
j=1

o For example, Bjs is the determinant of the matrix you get
after removing the first row and second column of B

multiplied by (—1)"t7 = (=1)1*2 = —1: By = — 221 223 .
31 b33

. |b22 baz| . |ba1 Do bo1 b2

® det(B) =bu by bss| 7 |bsi b *his bs1 b3z




Sarrus’ scheme for the determinant of a 3 x 3

e French mathematician: Pierre Frédéric Sarrus (1798-1861)
bir bz bz
det(B) = |ba1 b2 bos
b31 b3z b33

ba1  bao
b31  b32

bao  bas| ) ba1 a3
bz2 b33 bs1 b33

= (br1ba2bss + brabasbs1 + bisbaibs2)
— (b13baabsy + bi1bagbsy + bi2ba1bss)

= b11 + b13

Write the first two
bin bz s b1 b1 columns of the matrix
bo1 oy baz  boyp boo again to the right of the
original matrix. Multiply
the diagonals together and
then add or subtract.

b1 b3a b33 b3 b3




Fundamentals Quadratic Forms Systems Sums Applications

Determinant as an area
1 U a
A = =
)=l
e For a 2 x 2 matrix, det(A) is the oriented area® of the
parallelogram with vertices at 0 = (0,0), a = (x1,¥1),
a+b=(r1+22,y1 +y2), and b = (z2,92).

Y

Yo | b a+b

Y1 1 a
T2 I

e |n a sense, the determinant “summarises’ the information in
the matrix.

1The oriented area is the same as the usual area, except that it is negative
when the vertices are listed in clockwise order.



Fundamentals

ldentity matrix

Definition (Identity matrix)

e A square matrix, I, with ones on the main diagonal and zeros
everywhere else:

100 0 0
010 0 0
00 1 0 0

I:

000 10
000 --- 0 1

e Sometimes you see I, which indicates that it is an r X r
identity matrix.

e If the size of I is not specified, it is assumed to be
“conformable”, i.e. as big as necessary.



Fundamentals Quadratic Forms Systems Sums Applications

ldentity matrix

e An identity matrix is the matrix analogue of the number 1.

e If you multiply any matrix (or vector) with a conformable
identity matrix the result will be the same matrix (or vector).

. _CLH ai2 1 0
Al= |a21 azJ [0 1]

-CL11><1+(L12><0 a1 X 04+ ae x 1
_a21><1—|—a22><0 as1 X 0+ agg x 1

_ e a1z _ 4
|G21 @22




Fundamentals

Inverse

Definition (Inverse)

e Requires a square matrix i.e. dimensions: r X 7

e For a 2 x 2 matrix, A = [au aw},
azi a2
s L az  —ai2
det(A) | —a:1  an

e More generally, a square matrix A is invertible or nonsingular
if there exists another matrix B such that

AB=BA=1.

e If this occurs then B is uniquely determined by A and is
denoted A~1, ie. AAT! =1




Fundamentals

Vectors

Vectors are matrices with only one row or column. For example,
the column vector:

Definition (Transpose Operator)

Turns columns into rows (and vice versa):

x’:xT:[xl o - .’En]




Fundamentals

Transpose

Say we have some m X n matrix:

ai ai2 -+ Qln

azy a2 a2n
A =(a;;)=| . i

ml  Am2 Gmn

Definition (Transpose Operator)

e Flips the rows and columns of a matrix:
A’ = (aji)

e The subscripts gets swapped.

e A’ is an X m matrix: the columns in A are the rows in A’.



Symmetry

Definition (Square Matrix)

A matrix, P is square if it has the same number of rows as
columns. |.e.

dim(P) =nxn

for some n > 1.

Definition (Symmetric Matrix)

A square matrix, P is symmetric if it is equal to its transpose:

P=P



Fundamentals

ldempotent

Definition (Idempotent)

A square matrix, P is idempotent if when multiplied by itself,
yields itself. |.e.

PP =P.

1. When an idempotent matrix is subtracted from the identity
matrix, the result is also idempotent, ie. M =1—-P is
idempotent.

2. The trace of an idempotent matrix is equal to the rank.

3. X(X'X)~!X’ is an idempotent matrix.



Fundamentals Quadratic Forms Sums Applications

Order of operations

e Matrix multiplication is non-commutative, i.e. the order of

multiplication is important: AB # BA.
e Matrix multiplication is associative, i.e. as long as the order
stays the same, (AB)C = A(BC).

« AB+C)=AB+AC
« (A+B)C=AC+BC

Let A be a £ x k matrix and x and ¢ be k x 1 vectors:

Ax =c
A 'Ax=A"'c  (PRE-multiply both sides by A™')
Ix=A"'c
x=A"lc

Note: A~lc #cA~!


http://en.wikipedia.org/wiki/Commutativity
http://en.wikipedia.org/wiki/Associativity

Fundamentals

Matrix Differentiation
0F'a

If 3 and a are both k£ x 1 vectors then, =a

o8

(Bra1 + Baaz + ... + Brak)

0
3%1 (Bra1 + Baas + ... + Brag)
3%2 (Bra1 + Baaz + ... + Brag)
a

% (Bra1 + Baaz + ... + Brag)
O

» Matrix Calculus



http://en.wikipedia.org/wiki/Matrix_calculus

Fundamentals

Matrix Differentiation

Let 3 be a k x 1 vector and A be a k x k symmetric matrix then

8%2ﬂ:QAﬁ
Proof.
By means of proof, say 3 — (g;) and A — (ZE ZZ)' then
35 O (5'ap) = 75 O (62 + 20126162 + faz)

(51 a11 + 2a1251 B2 + Biaz)
352 (51 a11 + 2a1281 82 + B3azs)
_ [251%1 + 2a12[32]
2B1a12 + 2a2232
—2A8 =



Fundamentals

Matrix Differentiation
A3
op’

By means of proof, say 3 = <ﬁ1>and A= (all alz), then

Let B be a k x 1 vector and A be a n X k matrix then =A.

B2 asr  ag
9 9 |a1161 + ai252
B (AB) = B [amﬁl + 02252]

L 3%2] (a1181 + a1202)

|
[% 3%2] (a2181 + ag2f2)

_ [aE (i + @nBa) g (anp + ainfs)
- %(CLQLBI + a2/32) ai@(aﬂﬂl +a202)




Fundamentals Quadratic Forms Systems Sums Applications

Rank

e The rank of a matrix A is the maximal number of linearly
independent rows or columns of A.

e A family of vectors is linearly independent if none of them can
be written as a linear combination of finitely many other
vectors in the collection.

independent
_ A -
0

1
1
Vi Vg V3 V4:| =
1
1

= o O O

1
1 0
0 1
0 O

L —  ———
dependent

v1, Vo and vs are independent but vy = v; — vy — v3.



Fundamentals

Rank

Quadratic Forms Systems Sums Applications

The maximum rank of an m x n matrix is min(m,n).

A full rank matrix is one that has the largest possible rank,
i.e. the rank is equal to either the number of rows or columns
(whichever is smaller).

In the case of an n X n square matrix A, then A is invertible
if and only if A has rank n (that is, A has full rank).
For some n x k matrix, X, rank(X) = rank(X’'X)

This is why the dummy variable trap exists, you need to drop
one of the dummy categories otherwise X is not of full rank
and therefore you cannot find the inverse of X’X.



Trace

The trace of an n X n matrix A is the sum of the elements on the
main diagonal: tr(A) = ai1 + a2 + ... + Gpn = D5 Qs

o tr(A+B) =tr(A) + tr(B)

o tr(cA) = ctr(A)

e If A is an m X n matrix and B is an n X m matrix then
tr(AB) = tr(BA)

e More generally, for conformable matrices:
tr(ABC) = tr(CAB) = tr(BCA)

BUT: tr(ABC) # tr(ACB). You can only move from the
front to the back (or back to the front)!



Fundamentals Quadratic Forms Systems Sums Applications

Eigenvalues

e An eigenvalue X\ and an eigenvector x # 0 of a square matrix
A is defined as
Ax = Ax.

e Since the eigenvector x is different from the zero vector (i.e.
x # 0) the following is valid:

(A—ADx =0 = det(A — ) =0.

e We know det(A — AI) = 0 because:

o if (A — A\I)~! existed, we could just pre multiply both sides by
(A — XI)~! and get the solution x = 0.

e but we have assumed x # 0 so we require that (A — \I) is
NOT invertible which implies® that det(A — AI) = 0.

e To find the eigenvalues, we can solve det(A — A\I) = 0.

2A matrix is invertible if and only if the determinant is non-zero



Fundamentals Quadratic Forms Sums Applications

Eigenvalues

Say A = [2 1]. We can find the eigenvaules of A by solving

1 2

det(A — AI) =0

NERIEE

2-)\ 1

‘1 2—/\‘_0
2-N2-XN)-1x1=0

AN —4\+3=0

A—1)(A—3) =0

The eigenvalues are the roots of this quadratic: A =1 and A = 3.



Fundamentals Quadratic Forms Systems Sums Applications

Why do we care about eigenvalues?

e An n X n matrix A is positive definite if all eigenvalues of A,
A, A2, ..., A\, are positive.

e A matrix is negative-definite, negative-semidefinite, or
positive-semidefinite if and only if all of its eigenvalues are
negative, non-positive, or non-negative, respectively.

e The eigenvectors corresponding to different eigenvalues are
linearly independent. So if a n X m matrix has n nonzero

eigenvalues, it is of full rank.
e The trace of a matrix is the sum of the eigenvectors:

tr(A) = A1+ Ao+ ...+ A\
e The determinant of a matrix is the product of the

eigenvectors: det(A) = M-+ \p.

e The eigenvectors and eigenvalues of the covariance matrix of
a data set data are also used in principal component analysis

(similar to factor analysis).


http://en.wikipedia.org/wiki/Factor_analysis

Fundamentals

Useful

Quadratic Forms Sums Applications

rules
(AB) = B'A’
det(A) = det(A)

det(AB) = det(A) det(B)

1
det(A~1) =
A7) = Gera)

AT=A and xI =x

/
If B and a are both k£ x 1 vectors, aﬂa =a

A

If Aisan xk matrix, a@ﬁl’@ =A

/

A
If A isa k x k symmetric matrix, O%B’B =2Ap03
If Aisak x k (not necessarily symmetric) matrix,
0B'AB




Fundamentals Quadratic Forms Systems Sums

Applications

Quadratic forms

e A quadratic form on R is a real-valued function of the form

Q(l’l, e ,a:n) = Z aijxixj.

(]

e E.g. in R? we have Q(z1,72) = a112? + a127172 + agnrs.
e Quadratic forms can be represented by a symmetric matrix A
such that:

Q(x) = x'Ax
e E.g. if x = (x1,22) then

1
ail 5012 x1
x)=(x =z
Q) = (=1 2)<§a21 ass )(9:2)
9 1 2
=anr] + §(a12 + ag1)x122 + a2x;

but A is symmetric, i.e. a13 = ao1, SO we can write,

2 2
= a112] + 12212 + a22%5.



Quadratic Forms

Quadratic forms

If x € R3, i.e. x = (1,22, 73)" then the general three dimensional
quadratic form is:

Q(x) = xX'Ax
ail %au %013 1
1 1
= ( 1 T2 I3 ) 012 G22 30a23 2
1
5013 3G23 (33 T3

2 2 2
= a117] + a22%5 + a33%3 + A12T1X2 + A13T1X3 + A23T2X3.

Quadratic Forms and Sum of Squares

Recall sums of squares can be written as x'x and quadratic forms
are x’ Ax. Quadratic forms are like generalised and weighted sum
of squares. Note that if A = I then we recover the sums of
squares exactly.



Fundamentals Quadratic Forms Sums Applications

Definiteness of quadratic forms

e A quadratic form always takes on the value zero at the point
x = 0. This is not an interesting result!

e For example, if x € R, i.e. x = x1 then the general quadratic
form is az? which equals zero when z; = 0.

e |ts distinguishing characteristic is the set of values it takes
when x # 0.

e We want to know if x = 0 is a max, min or neither.
e Example: when x € R, i.e. the quadratic form is ax%,
a >0 means az? > 0 and equals 0 only when 2 = 0. Such
a form is called positive definite; z = 0 is a global
minimiser.
a < 0 means az? < 0 and equals 0 only when z = 0. Such

a form is called negative definite; z = 0 is a global
maximiser.



Quadratic Forms

Positive definite
If A = ( (1) (1) > then Q1(x) = x'Ax = 22 + 23.
e ()1 is greater than zero at x # 0 i.e. (z1,22) # (0,0).
e The point x = 0 is a global minimum.
e ()1 is called positive definite.

Figure 1: Q1 (1, a5) = 22 + 23



Negative definite

If A= ( _01 _01 > then Q2(x) = xX'Ax = —2% — 22

e ()2 is less than zero at x # 0 i.e. (z1,z2) # (0,0).
e The point x = 0 is a global maximum.
e () is called negative definite.

Figure 2: Qa(a1,a5) = —a? — a3



Quadratic Forms

Indefinite

If A= ( (1) _01 ) then Q3(x) = xX'Ax = 23 — 3.

e (J3 can be take both positive and negative values.
e Eg. Q3(1,0) =41 and Q3(0,1) = —1.
e ()3 is called indefinite.

Qu0x,x,)

Figure 3: Q3(z1,22) = 23 — 23



Quadratic Forms

Positive semidefinite

1 1
e ()4 is always > 0 but does equal zero at some x # 0.
e E.g. Q4(10,—10) = 0.
e ()4 is called positive semidefinite.

If A = ( ol > then Q4(x) = X' Ax = 2} + 22129 + 23.

Figure 4: Q4(z1,22) = 23 + 2m129 + 73



Quadratic Forms

Negative semidefinite

A= ( j _11 > then Q5(x) = x'Ax = —(21 + 22).

e (4 is always < 0 but does equal zero at some x # 0
e Eg Q5(10,—-10) =0
e ()5 is called negative semidefinite.

Figure 5: Qs(w1,22) = — (21 + 22)?



Quadratic Forms

Definite symmetric matrices

A symmetric matrix, A, is called positive definite, positive
semidefinite, negative definite, etc. according to the definiteness of
the corresponding quadratic form Q(x) = x’Ax.

Definition
Let A be a n X n symmetric matrix, then A is

1. positive definite if x’Ax > 0 for all x # 0 in R"
positive semidefinite if x’Ax > 0 for all x # 0 in R"
negative definite if x’Ax < 0 for all x # 0 in R™
negative semidefinite if X’ Ax < 0 for all x # 0 in R”

SN

indefinite if X’ Ax > 0 for some x # 0 in R" and < 0 for some
other x in R”

e We can check the definiteness of a matrix by show that one of
these definitions holds as in the example
e You can find the eigenvalues to check definiteness



How else to check for definiteness?

You can check the sign of the sequence of determinants of the
leading principal minors:

Positive Definite

An n X n matrix M is positive definite if all the following matrices
have a positive determinant:

o the top left 1 x 1 corner of M (1st order principal minor)
o the top left 2 x 2 corner of M (2nd order principal minor)

e M itself.

In other words, all of the leading principal minors are positive.

Negative Definite

A matrix is negative definite if all k&th order leading principal
minors are negative when k is odd and positive when k is even.



Fundamentals Quadratic Forms Systems Sums Applications

Why do we care about definiteness?
Useful for establishing if a (multivariate) function has a maximum,
minimum or neither at a critical point.

e If we have a function, f(x), we can show that a minimum
exists at a critical point, i.e. when f'(z) =0, if f”(z) > 0.

o fl(x) =4z
e fllz)=0 = =0
e f"(£) =4>0 = minimum at z = 0.
f(x) f(z) = 22
1
%
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Why do we care about definiteness?

e In the special case of a univariate function f”(z)isa 1 x 1
Hessian matrix and showing that f”(x) > 0 is equivalent to
showing that the Hessian is positive definite.

e If we have a bivariate function f(z,y) we find critical points
when the first order partial derivatives are equal to zero:

1. Find the first order derivatives and set them equal to zero
2. Solve simultaneously to find critical points

e We can check if max or min or neither using the Hessian

matrix, H, the matrix of second order partial derivatives:

_ fmz f:}cy:|
H =
|:fy:v fyy

1. (If necessary) evaluate the Hessian at a critical point

2. Check if H is positive or negative definite:
e |H| >0 and f,z >0 = positive definite = minimum
e |H| >0 and fzz <0 = negative definite = maximum

3. Repeat for all critical points



Fundamentals Quadratic Forms Sums Applications

Why do we care about definiteness?

e If we find the second order conditions and show that it is a
positive definite matrix then we have shown that we have a
minimum.

e Positive definite matrices are non-singular, i.e. we can invert
them. So if we can show X’X is positive definiteness, we can
find [X'X] "

e Application: showing that the Ordinary Least Squares (OLS)
minimises the sum of squared residuals.



Fundamentals Quadratic Forms

Systems Sums Applications

Matrices as systems of equations

e A system of equations:

y1 = r11b1 + 1202 + ... + T10k
Y2 = x21b1 + T22bo + ... + Topby

Yn = xnlbl + $n2b2 —+ ...+ v:Unkbk’

e The matrix form:

Y1 11 T2 ... Tik| |b1
Y2 To1 T2 ... k| |b2

Yn Tnl Tp2 ... Tnpk by,



Fundamentals Quadratic Forms Systems

Matrices as systems of equations

e More succinctly: y = Xb where

Y1 b1

b

y = y.2 ; b= .2
Yn bk

T11 12

21 X22
X =

Tnl Tn2

e x; is the “covariate vector” for the ith observation.

Sums

L1k
T2k

LTnk

Ti1
Ti2
X; =

Tik

Applications

» DM §1.4



Applications

Systems Sums

Fundamentals Quadratic Forms

Matrices as systems of equations

e We can write y = Xb as

/
Al X1
/
Y2 Xo
=1 "1Db.
/
yn Xn

e Returning to the original system, we can write each individual
equation using vectors:

y1 =x\b

Y2 = Xyb

Yn = x%b



Fundamentals Quadratic Forms Applications

Mixing matrices, vectors and summation notation

Often we want to find X'u or X’X. A convenient way to write
this is as a sum of vectors. Say we have a 3 X 2 matrix X:

/
T11 T2 b <] i Uy
X = |z91 xoa| = |%X5]; xi:{l];and u= |uo
T2
/ 1
T31 T32 X3 u3

We can write,

T T T “

11 21 1

X'u = 3 U9
T12 T22 32

T11Uu1 + T21U2 + T31U3
T12U1 + Too2uU2 + T32U3

= X1u] + Xou2 + X3uU3

3
= E XU
i=1



Fundamentals Quadratic Forms Applications

Mixing matrices, vectors and summation notation

3
In a similar fashion, you can also show that X'X = E xix;.
i=1
Tr11 21 T31 wi
X/X: o1 TI292
T12 T22 1I32
Tr31 T32
X}
— /
= [Xl X2 Xg] X9
/
X3

/ / /
= X1X] + X2X5 + X3X3

3
= E Xixg
i=1



Fundamentals Quadratic Forms Sums Applications

Application: variance-covariance matrix

e For the univariate case, var(Y) = E ([Y — p]?).

e In the multivariate case Y is a vector of n random variables.

e Without loss of generality, assume Y has mean zero, i.e.
E(Y)=p =0. Then,

cov(Y,Y) = var(Y) = E ([Y — p][Y — ')

Y1
Y,
=k : [Y1 Yy - Yn]
Yn
(Y2 YviY, - MY,
Y21 YE - oY,
=E| " _ .
YY1 VY, oo Y72



Fundamentals Quadratic Forms Systems Sums Applications

Application: variance-covariance matrix

e Hence, we have a variance-covariance matrix:

var(Yy)  cov(Yy,Ya) -+ cov(Y1,Y,)
cov(Ya, V)  wvar(Ya) .-+ cov(Ya,Y),)
var(Y) = _ . :
cov(Y,, Y1) cov(Yy,,Ye) -+ var(Y,)

e What if we weight the random variables with a vector of
constants, a?

var(a'Y) =E ([a'Y — a’,u['Y—au])
—E @Y - g@[Y - 1))
B [Y - Y - ufa)
=aE([Y - pl[Y —pf)a



Fundamentals Qua © Sums Applications

Application: variance of sums of random variables

Let Y = (Y1, Y2)’ be a vector of random variables and
a = (a1, a2)" be some constants,

ayY = [al ag} [YI

YQ] =a1Y1 + axYs

Now, var(a1Y1 + a2Ys) = var(a’Y) = a’var(Y)a where

Var(Y):[ var(Y7) cov(Yl,YQ)]7

cov(Y1,Ys)  var(Y2)
is the (symmetric) variance-covariance matrix.
var(a'Y) = a'var(Y)a

[a1 a2] L(ﬁggll)@) Cozafry(l)’f;?)] [Zj

= aivar(Y1) + ajvar(Ya) + 2a1azcov (Y1, Y2)



Fundamentals Quadratic Forms Sums Applications

Application: Given a linear model y = X3 + u derive the
OLS estimator 3. Show that 3 achieves a minimum.
e The OLS estimator 3 minimises the sum of squared residuals,
wu=> " u}whereu=y—-XBoru =y —x,03.

n

S(B) = (v —xiB)> = (y — XB)'(y — XB)
i=1
=y'y —2y'XB + 8'X'X8.

e Take the first derivative of S(3) and set it equal to zero:

95(8)
B
e Assuming X (and therefore X'X) is of full rank (so is X'X
invertible) we get,

= X'y +2X'X3=0 = X'X3=Xy.

B=(X'X)"'Xy.



Fundamentals Quadratic Forms Systems Sums Applications

Application: Given a linear model y = X3 + u derive the
OLS estimator B Show that B achieves a minimum.

e For a minimum we need to use the second order conditions:
9*S(B)
opop’

e The solution will be a minimum if X’X is a positive definite

matrix. Let ¢ = ¢/’X’Xc for some ¢ # 0. Then

n

=2X'X.

¢g=v'v=> v?, where v =Xc.
i=1

e Unless v =0, ¢ is positive. But, if v = 0 then v or ¢ would
be a linear combination of the columns of X that equals O
which contradicts the assumption that X has full rank.

e Since c is arbitrary, ¢ is positive for every c # 0 which
establishes that X’X is positive definite.

e Therefore, if X has full rank, then the least squares solution B

is unique and minimises the sum of squared residuals.



Fundamentals

Quadratic Forms Systems Sums Applications

Matrix Operations

Operation

|

det(A)
AL
A+B
AB

A/

5 7
10 2

|

R Matlab

A=matrix(c(5,7,10,2),
ncol=2,byrow=T)

A = [5,7;10,2]

det (A) det (A)
solve (A) inv(4A)
A+B A+B
A %x% B A xB
t(A) A’



Fundamentals Quadratic Forms Systems Sums Applications

Matrix Operations

Operation R Matlab
e!genvalues & eigen(A) [V,E] = eig(A)
eigenvectors

covariance

matrix of X var (X) or cov(X) cov (X)

estimate of

rank(A) qr (A) $rank rank (A)

r X r identity Sl ) eye (r)

matrix, I,



Matlab Code

Flgure 1 <« Figure 1

[x,y] = meshgrid(-10:0.75:10,-10:0.75:10);
surfc(x,y,x.”2 + y."2)

ylabel (’x_27)

xlabel(’x_1°)

zlabel (°Q_1(x_1,x_2)°)

Flgure 2 < Figure 2

[x,y] = meshgrid(-10:0.75:10,-10:0.75:10);
surfc(x,y,-x.72 - y."2)

ylabel(°x_2’)

xlabel (’x_17)

zlabel (’Q_2(x_1,x_2)7)



Matlab Code

Flgu re 3 <« Figure 3

[x,y] = meshgrid(-10:0.75:10,-10:0.75:10);
surfc(x,y,x.72 - y."2)

ylabel (’x_27)

xlabel(’x_1°)

zlabel (°Q_3(x_1,x_2)’)

Flgure 4 < Figure 4

[x,y] = meshgrid(-10:0.75:10,-10:0.75:10);
surfc(x,y,x.72 + 2.%x.%xy + y."2)
ylabel(°x_2’)

xlabel(’x_17)

zlabel (’°Q_4(x_1,x_2)7)




Matlab Code

<« Figure 5

Figure 5

[x,y] = meshgrid(-10:0.75:10,-10:0.75:10);
surfc(x,y,-(x+y)."2)

ylabel (’x_27)

xlabel(’x_1°)

zlabel (°Q_5(x_1,x_2)7)
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